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Abstract
The short-time linear canonical transform (STLCT) can be identified as a generalization of the short-time Fourier transform
(STFT). It is a novel time-frequency analysis tool. In this paper, we generalize some different uncertainty principles for the
STLCT of complex signals. Firstly, one uncertainty principle for the STLCT of complex signals in time and frequency domains
is derived. Secondly, the uncertainty principle for the STLCT of complex signals in two STLCT domains is obtained. Finally,
the uncertainty principle for the two conditional standard deviations of the spectrogram associated with the STLCT is discussed.
Index Terms
Linear canonical transform, Short-time linear canonical transform, Uncertainty principle
1. Introduction.
The linear canonical transform(LCT) [12]–[16], [20], [21] is an integral transform with four parameters (a,b,c,d) and it
has many special cases such as the Fourier transform (FT), the fractional Fourier transform (FRFT). Three free parameters of
the LCT make it more flexible. The LCT has become a powerful analyzing tool and it has been widely used in some fields,
such as applied mathematics, signal processing, pattern recognition, optical system analysis and filter design [13]–[15].
Kou and Xu [4] first proposed the short-time linear canonical transform (STLCT). The STLCT is also known as the
windowed linear canonical transform. It modifies the traditional the linear canonical transform (LCT) by utilizing a window.
Then many scholars has also pay attention to the STLCT. Bahri and Ashino [17] discussed some properties of short-time
linear canonical transform. Zhang [12] obtained a sampling theorem for the STLCT by means of a generalized Zak transform
associated with the LCT. Zhang [11] discussed the discrete windowed linear canonical transform. Some scholars [17], [18]
discussed the uncertainty principles associated with the STLCT. However, the uncertainty principles for the short-time linear
canonical transform of complex signal moments have not been found. Therefore, based on the definition of the STLCT, we
seek the result via mathematical proof and obtain that the uncertainty principles for the short-time linear canonical transform
of complex signals.
The paper is organized as follows: In Section 2, we present some general definitions. Some different uncertainty principles
associated with the STLCT are provided in Section 3. In Section 4, some conclusions are drawn.
2. Preliminary.
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Definition 1. (LCT) Let A = (a, b, c, d) be a matrix parameter satisfying a, b, c, d ∈ R and ad − bc = 1. For a complex
signal f(t) = x(t)eiφ(t) ∈ L2(R), where x(t) and φ(t) are real-valued and differentiable functions, the LCT of f(t) is
defined as [1], [2]
LfA(u) = LA[f(t)](u) =


∫ +∞
−∞
f(t)KA(t, u)dt, b 6= 0
√
dei
cd
2 u
2
f(du)), b = 0
(1)
where the transform kernel of LCT is given by
KA(t, u) =
1√
i2pib
ei
a
2b t
2−i 1
b
tu+i d2bu
2
(2)
The following properties [3] which will be useful in this paper:
K∗A(t, u) = KA−1(u, t) (3)
∫ +∞
−∞
e±iuxdu = 2piδ(x);
∫ +∞
−∞
δ(t− u)f(t)dt = f(u) (4)
‖f‖2L2(R) = ‖f‖2 =
∫ +∞
−∞
|f(t)|2dt (5)
where A−1 = (d,−b,−c, a). In the following, we only consider b 6= 0, since the LCT with b = 0 is a chirp multiplication
operation. The inverse LCT expression is [2], [3]
f(t) =
∫ +∞
−∞
LfA(u)KA−1(u, t)du (6)
Definition 2. (STLCT) Let g ∈ L2(R) be a window function. A = (a, b, c, d) be a matrix parameter satisfying a, b, c, d ∈ R
and ad− bc = 1. The STLCT of a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R) with respect to g is defined by [4]
SAg f(t, u) =
∫ +∞
−∞
ft(τ)KA(τ, u)dτ (7)
where ft(τ) = f(τ)g
∗(τ − t) and KA(τ, u) is given by Eq.(2).
ft(τ) = f(τ)g
∗(τ − t) is called the local signal, it is the signal we see at time t. A different signal can be seen at a
different time.
Let
Q(t) =
∫ +∞
−∞
|f(τ)g∗(τ − t)|2dτ (8)
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3then the local normalized signal is
qt(τ) =
1√
Q(t)
f(τ)g∗(τ − t) (9)
so we can have
∫ +∞
−∞
|qt(τ)|2dτ = 1.
Inspired by Leon Cohen [7], we can define the local spectrum by
Lu(µ) = L
f
A(µ)L
g
A(u− µ) (10)
where LfA(µ), L
g
A(µ) are given by Definition 1, µ is the running frequency and u is the fixed frequency of interest. In order
to study the time properties of a signal at a particular frequency, we can window the spectrum of the signal, LfA(µ) , with
a frequency window function, LgA(µ).
Let
P (u) =
∫ +∞
−∞
|LfA(µ)LgA(u − µ)|2dµ (11)
then the normalized local spectrum is
pu(µ) =
1√
P (u)
LfA(µ)L
g
A(u − µ) (12)
The short-frequency time transform is
sAg f(t, u) =
∫ +∞
−∞
LfA(µ)L
g
A(u− µ)K∗A(t, µ)dµ (13)
So we can have
|SAg f(t, u)|2 = |sAg f(t, u)|2 (14)
Some series of important properties of the STLCT are listed in [4].
Now, we give a lemma, it is very important in this paper.
Lemma 1. Let g ∈ L2(R) be a window function. For a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R), we have
SAg f(t, u) =
∫ +∞
−∞
LfA(ξ)G
∗(ξ|u, t)dξ (15)
where G∗(ξ|u, t) = √−i2pibei d′2b (ξ−u)2LgA1(ξ − u)∗KA(t, u)K∗A(t, ξ), L
g
A1
(ξ − u) is the LCT of the window function g(τ),
A1 = (0, b,− 1b , d′), the parameter b in the matrix A = (a, b, c, d) and d′ ∈ R.
Proof. By Definition 2 and Eq.(6), we have
SAg f(t, u) =
∫ +∞
−∞
f(τ)g(τ − t)KA(τ, u)dτ
=
∫ +∞
−∞
LfA(ξ)
∫ +∞
−∞
KA−1(ξ, τ)g(τ − t)KA(τ, u)dτdξ
(16)
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4Let G∗(ξ|u, t) = ∫ +∞−∞ KA−1(ξ, τ)g(τ − t)KA(τ, u)dτ and τ − t = η, then
G∗(ξ|u, t) =
∫ +∞
−∞
KA−1(ξ, τ)g(τ − t)KA(τ, u)dτ
=
∫ +∞
−∞
g(η)
1√−i2pib
1√
i2pib
e−i
(u−ξ)
b
(η+t)+i d2b (u
2−ξ2)dη
=
1√
i2pib
∫ +∞
−∞
1√−i2pibg(η)e
i 0
−2bη
2−i (ξ−u)
−b
η+i d
′
−2b (ξ−u)
2
dη
× ei d
′
2b (ξ−u)
2+i d2b (u
2−ξ2)−i
(u−ξ)
b
t
=
1√
i2pib
ei
d′
2b (ξ−u)
2
LgA1(ξ − u)∗e−i
ut
b
+i d2bu
2
ei
ξt
b
+i d
−2b ξ
2
=
√
−i2pibei d
′
2b (ξ−u)
2
LgA1(ξ − u)∗KA(t, u)K∗A(t, ξ)
(17)
3. Uncertainty principle for the STLCT
Uncertainty principle is an exceptionally useful tool for signal processing and mathematics, it is a fundamental result in
signal processing [19], [22]–[24]. It expresses the relations between time spread and frequency spread. The classic uncertainty
principle in signal processing represents that the product of time spread and frequency spread cannot be made arbitrarily
small and it has a lower bound. The uncertainty principles of the STFT had been studied in [7], [25], [26]. The purpose of
this section is to give some new uncertainty principles associated with the STLCT. We first present the following contents.
Let f(t) be a complex signal such that t|f(t)| ∈ L2(R) and E = ∫ +∞−∞ | f(t) |2 dt = ∫ +∞−∞ | LfA(u) |2 du is the energy
of the signal. The time and frequency spread are defined by [5]:
T 2f =
1
E
∫ +∞
−∞
(t− tf )2 | f(t) |2 dt (18)
F 2A,f =
1
E
∫ +∞
−∞
(u− uf )2 | LfA(u) |2 du (19)
where tf and uf are the mean time and mean frequency, respectively. They are defined as [5]:
tf =
1
E
∫ +∞
−∞
t | f(t) |2 dt (20)
uA,f =
1
E
∫ +∞
−∞
u | LfA(u) |2 du (21)
In order to obtain the uncertainty principles for the STLCT, in a similar way, we define the following parameters ralated
to the STLCT. We first defined the time and frequency spread, respectively:
T 2A,S =
1
‖SAg f(t, u)‖2
∫ +∞
−∞
∫ +∞
−∞
(t− tA,S)2 | SAg f(t, u) |2 dtdu (22)
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5F 2A,S =
1
‖SAg f(t, u)‖2
∫ +∞
−∞
∫ +∞
−∞
(u − uA,S)2 | SAg f(t, u) |2 dtdu (23)
where tA,S and uA,S are the mean time and mean frequency, they are defined by:
tA,S =
1
‖SAg f(t, u)‖2
∫ +∞
−∞
∫ +∞
−∞
t | SAg f(t, u) |2 dtdu (24)
uA,S =
1
‖SAg f(t, u)‖2
∫ +∞
−∞
∫ +∞
−∞
u | SAg f(t, u) |2 dtdu (25)
Next, we obtain the following lemma, it is very useful:
Lemma 2. Let g ∈ L2(R) be a window function. For a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R), we have
tA,S = tf + tg (26)
T 2A,S = T
2
f + T
2
g (27)
uA,S = uA,f − uA1,g (28)
F 2A,S = F
2
A,f + F
2
A1,g
(29)
For a window function g(t) and its LCT, where tg and uA1,g are the mean time and mean frequency, T
2
g and F
2
A1,g
are
the time and frequency spread, respectively. Their definitions are similar to Eq.(18), Eq.(19), Eq.(20) and Eq.(21), but the
matrix that corresponds to g(t) is A1 = (0, b,− 1b , d′), the parameter b in the matrix A = (a, b, c, d) and d′ ∈ R.
Proof. We just derive Eq.(26) and Eq.(29) here, and the rest two can be derived in a similar way.
First, using Lemma 1 and Eq.(4) , we have
‖SAg f(t, u)‖2 =
∫ +∞
−∞
∫ +∞
−∞
|SAg f(t, u)|2dtdu
=
∫ +∞
−∞
∫ +∞
−∞
[∫ +∞
−∞
LfA(ξ1)
√
−i2pibei d
′
2b (ξ1−u)
2
LgA1(ξ1 − u)∗KA(t, u)K∗A(t, ξ1)dξ1
]
×
[∫ +∞
−∞
LfA(ξ2)
√
−i2pibei d
′
2b (ξ2−u)
2
LgA1(ξ2 − u)∗KA(t, u)K∗A(t, ξ2)dξ2
]∗
dtdu
=
∫ +∞
−∞
∫ +∞
−∞
|LfA(ξ1)|2|LgA1(ξ1 − u)|2dξ1du
(30)
Let ξ1 = ρ and ξ1 − u = γ, then
‖SAg f(t, u)‖2 =
∫ +∞
−∞
∫ +∞
−∞
|LfA(ρ)|2|LgA1(γ)|2dρdγ
= ‖LfA(ρ)‖2‖LgA1(γ)‖2
(31)
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6Next, by Definition 2 and Eq.(4), we have
tA,S =
1
‖SAg f(t, u)‖2
∫ +∞
−∞
∫ +∞
−∞
t | SAg f(t, u) |2 dtdu
=
1
‖LfA(ρ)‖2‖LgA1(γ)‖2
∫ +∞
−∞
∫ +∞
−∞
t
[∫ +∞
−∞
f(ξ1)g(ξ1 − t)KA(ξ1, u)dξ1
]
×
[∫ +∞
−∞
f(ξ2)g(ξ2 − t)KA(ξ2, u)dξ2
]∗
dtdu
=
1
‖LfA(ρ)‖2‖LgA1(γ)‖2
∫ +∞
−∞
∫ +∞
−∞
t|f(ξ1)|2|g(ξ1 − t)|2dξ1dt
(32)
Let ξ1 − t = ν, we can obtain the mean time of STLCT
tA,S =
1
‖LfA(ρ)‖2‖LgA1(γ)‖2
∫ +∞
−∞
∫ +∞
−∞
(ξ1 − ν)|f(ξ1)|2|g(ν)|2dξ1dν
=
1
‖LfA(ρ)‖2
∫ +∞
−∞
ξ1|f(ξ1)|2|dξ1 − 1‖LgA1(γ)‖2
∫ +∞
−∞
ν|g(ν)|2dν
= tf − tg
(33)
According to the same method, Eq.(28) can be obtained.
Using Eq.(31), Eq.(23) and Eq.(28), the frequency spread of STLCT is shown
F 2A,S =
1
‖SAg f(t, u)‖2
∫ +∞
−∞
∫ +∞
−∞
(u − uA,S)2 | SAg f(t, u) |2 dtdu
=
1
‖LfA(ρ)‖2‖LgA1(γ)‖2
∫ +∞
−∞
∫ +∞
−∞
[(ρ− γ)− (uA,f − uA1,g)]2|LfA(ρ)|2|LgA1(γ)|2dρdγ
=
1
‖LfA(ρ)‖2
∫ +∞
−∞
(ρ− uA,f)2|LfA(ρ)|2dρ+
1
‖LgA1(γ)‖2
∫ +∞
−∞
(γ − uA1,g)|LgA1(γ)|2dγ
− 2 1
‖LfA(ρ)‖2
∫ +∞
−∞
(ρ− uA,f)|LfA(ρ)|2dρ
1
‖LgA1(γ)‖
∫ +∞
−∞
(γ − uA1,g)|LgA1(γ)|2dγ
= F 2A,f + F
2
A1,g
− 2(uA,f − uA,f)(uA1,g − uA1,g)
= F 2A,f + F
2
A1,g
(34)
According to the same method, Eq.(27) can be obtained.
The uncertainty principles of the LCT are already known. Adrian Stern [6] generalized the classical uncertainty principles
of the LCT for complex signal in time and frequency domains. It can be restated as follow: Let f(t) ∈ L2(R) and
A = (a, b, c, d) be a matrix parameter satisfying a, b, c, d ∈ R and ad− bc = 1, then
T 2fF
2
A,f ≥
|b|2
4
(35)
where T 2f and F
2
A,f are defined in Eq.(18) and Eq.(19).
Based on the uncertainty principle of the LCT [6], we obtain the following main result.
Theorem 1. (Uncertainty principle in time and frequency domains) Let g ∈ L2(R) be a window function. A = (a, b, c, d)
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7be a matrix parameter satisfying a, b, c, d ∈ R and ad− bc = 1. For a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R), then
T 2A,SF
2
A,S ≥ |b|2 (36)
Proof. According to Lemma 2, we have T 2A,SF
2
A,S = (T
2
f +T
2
g )(F
2
A,f +F
2
A1,g
) = T 2f F
2
A,f +T
2
gF
2
A1,g
+T 2fF
2
A1,g
+T 2gF
2
A,f ,
Using the fact: n2 +m2 ≥ 2nm, for ∀n,m ∈ R, and Eq.(35), we have
T 2A,SF
2
A,S = T
2
fF
2
A,f + T
2
gF
2
A1,g
+ T 2fF
2
A1,g
+ T 2gF
2
A,f
≥ |b|
2
4
+
|b|2
4
+ 2
√
T 2f F
2
A,fT
2
gF
2
A1,g
≥ |b|
2
2
+
|b|2
2
= |b|2
(37)
When A = (cosα, sinα,− sinα, cosα), we can obtain the uncertainty principle of the STFrFT for complex signal in
time and frequency domains by Theorem 1, which is given in the following corollary.
Corollary 1. Let g ∈ L2(R) be a window function. For a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R), then
T 2α,SF
2
α,S ≥ | sinα|2 (38)
According to Theorem 1, the uncertainty principle of the STFT for complex signal can be obtained in time and frequency
domains when A = (0, 1,−1, 0), which is given in the following corollary.
Corollary 2. Let g ∈ L2(R) be a window function. For a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R), then
T 2STFTF
2
STFT ≥ 1 (39)
Zhao [5] derived the uncertainty principles for complex signal in tow LCT domains. It can be restated as follow: If
f(t) ∈ L2(R), then
F 2A,fF
2
B,f ≥
(a1b2 − a2b1)2
4
(40)
where A = (a1, b1, c1, d1), B = (a2, b2, c2, d2), a1d1 − b1c1 = 1, a2d2 − b2c2 = 1, F 2A,f and F 2B,f are defined in Eq.(19).
In the following, we will derive the uncertainty principle for complex signal in two STLCT domains.
Theorem 2. (Uncertainty principle in tow STLCT domains) Let g ∈ L2(R) be a window function. For a complex signal
f(τ) = x(τ)eiφ(τ) ∈ L2(R), then
F 2A,SF
2
B,S ≥
(a1b2 − a2b1)2
4
(41)
where A = (a1, b1, c1, d1), B = (a2, b2, c2, d2), a1d1 − b1c1 = 1, a2d2 − b2c2 = 1.
Proof. The proof of Theorem 2 is similar to Theorem 1.
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8When A = (cosα, sinα,− sinα, cosα), B = (cosβ, sinβ,− sinβ, cosβ), we can obtain the uncertainty principle for
complex signal in two STLCT domains by Theorem 2, which is given in the following corollary.
Corollary 3. Let g ∈ L2(R) be a window function. For a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R), then
F 2α,SF
2
β,S ≥
sin2(α− β)
4
(42)
In order to obtain an uncertainty relation for the two conditional standard deviations of the spectrogram, we first give the
mean averages and conditional standard deviations, as follow:
〈u〉t = 1
Q(t)
∫ +∞
−∞
u|SAg f(t, u)|2du (43)
〈t〉u = 1
P (u)
∫ +∞
−∞
t|sAg f(t, u)|2dt (44)
σ2u|t =
1
Q(t)
∫ +∞
−∞
(u− 〈u〉t)2|SAg f(t, u)|2du (45)
σ2t|u =
1
P (u)
∫ +∞
−∞
(t− 〈t〉u)2|sAg f(t, u)|2dt (46)
Theorem 3. (Uncertainty principle for the two conditional standard deviations of the spectrogram) Let g ∈ L2(R) be a
window function. For a complex signal f(τ) = x(τ)eiφ(τ) ∈ L2(R), then
σ2u|tσ
2
t|u ≥
1
Q(t)P (u)
∣∣∣∣
∫ +∞
−∞
(SAg f(t, u))
∗(
1
2
[A,B]+ + i
2
)ft(τ)dτ
∣∣∣∣
2
(47)
where A,B are the Hermitian operators.
Proof. According to Eq.(45), we have
σ2u|t =
1
Q(t)
∫ +∞
−∞
(u− 〈u〉t)2SAg f(t, u)(SAg f(t, u))∗du
=
1
Q(t)
∫ +∞
−∞
(u− 〈u〉t)2
∫ +∞
−∞
f(τ)g∗(τ − t)KA(τ, u)dτ
∫ +∞
−∞
f(τ ′)g∗(τ ′ − t)KA(τ ′, u)dτ ′du
=
1
Q(t)
∫ +∞
−∞
(
b
i
d
dτ
− 〈u〉t)2f(τ)g∗(τ − t)(f(τ)g∗(τ − t))∗dτ
=
1
Q(t)
∫ +∞
−∞
∣∣∣∣(bi
d
dτ
− 〈u〉t)ft(τ)
∣∣∣∣
2
dτ
(48)
Let
A = τ − 〈t〉u; B = b
i
d
dτ
− 〈u〉t (49)
then A,B are the Hermitian operators [8,9,10].
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AB = 1
2
[A,B]+ + i
2
([A,B]/i) (50)
and
[A,B] = i (51)
By Eq.(46), Eq.(48) and Eq.(49), we obtain
σ2t|uσ
2
u|t =
1
P (u)
∫ +∞
−∞
A2|SAg f(t, u)|2dτ
1
Q(t)
∫ +∞
−∞
B2|ft(τ)|2dτ (52)
According to the Schwarz inequality
∫ +∞
−∞
|f(t)|2dt
∫ +∞
−∞
|g(t)|2dt ≥
∣∣∣∣
∫ +∞
−∞
f∗(t)g(t)dt
∣∣∣∣
2
(53)
we can obtain
σ2t|uσ
2
u|t =
1
Q(t)P (u)
∫ +∞
−∞
A2|SAg f(t, u)|2dτ
∫ +∞
−∞
B2|ft(τ)|2dτ
≥ 1
Q(t)P (u)
∣∣∣∣
∫ +∞
−∞
(ASAg f(t, u))∗Bft(τ)dτ
∣∣∣∣
2
=
1
Q(t)P (u)
∣∣∣∣
∫ +∞
−∞
(SAg f(t, u))
∗ABft(τ)dτ
∣∣∣∣
2
(54)
Using Eq.(50) and Eq.(51), we have
σ2t|uσ
2
u|t ≥
1
Q(t)P (u)
∣∣∣∣
∫ +∞
−∞
(SAg f(t, u))
∗(
1
2
[A,B]+ + i
2
([A,B]/i))ft(τ)dτ
∣∣∣∣
2
=
1
Q(t)P (u)
∣∣∣∣
∫ +∞
−∞
(SAg f(t, u))
∗(
1
2
[A,B]+ + i
2
)ft(τ)dτ
∣∣∣∣
2
(55)
4. Conclusions
In this paper, many different forms of uncertainty principles for complex signals associated with the STLCT are derived.
Firstly, based on the relation between the STLCT and the LCT, one uncertainty principle for the STLCT of complex signals
in time and frequency domains is derived. Secondly, the uncertainty principle for the STLCT of complex signals in tow
STLCT domains is obtained. Finally, according to the Hermitian operators, the uncertainty principle for the two conditional
standard deviations of the spectrogram associated with the STLCT is discussed. These uncertainty principles are new results
and it can be viewed as a generalized form of the STFT.
Our further work will think about these applications of the STLCT in signal processing and these uncertainty principles
for discrete signals.
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